Introduction and background
All graphs in this paper are finite simple, undirected, possibly disconnected, but without any isolated vertex or any isolated edge. For graph theoretic notations, we follow [1] .
Over the past few decades many kinds of graph labelings have been studied intensively, and an excellent survey of graph labeling can be found in Gallian's paper [2] . In 1963, Sedláček [8] introduced the concept of magic labeling. Let G be a graph with q edges. We say that G is magic if the edges can be labeled by the numbers 1, 2, . . . , q so that the sum of labels of all the edges incident with any vertex is a constant. In 2002 MacDougall et al. [4] introduced the concept of vertex magic total labeling as follows. If G is a finite simple undirected graph with p vertices and q edges, then a vertex magic total labeling is a bijection f from V (G) ∪ E(G) to the integers 1, 2, . . . , p + q with the property that for every u ∈ V (G), the sum f (u) +  uv∈E(G) f (uv) is a constant. They studied the basic properties of vertex magic graphs and showed some families of graphs having a vertex magic total labeling. MacDougall et al. [5] further introduced the concept of super vertex magic total labeling. They call a vertex magic total labeling super if f (V (G)) = {1, 2, . . . , p}. Swaminathan and Jeyanthi [9] introduced a concept with the name super vertex magic labeling, but with a different definition. They call a vertex magic total labeling 
A graph G is called E-super vertex magic if it admits an E-super vertex magic labeling.
In this note, we generalize some of previous results in [6] . More examples regarding the E-super vertex magicness of regular graphs, such as circulant graphs, are also provided. We first state a well-known result, which is needed later and can be found in [3] . Theorem 2 (J. Petersen, 1891 [7] ). Every 2r-regular graph has a 2k-factor for every integer k, 0 < k < r.
Notice that after removing edges of the 2-factor by the Petersen theorem, we will get an even regular graph again and again. Thus an even regular graph has a 2-factorization. Also we need another result pointed out in [9] .
Theorem 3. Let G be a graph and g be an edge labeling defined as a bijection from E(G) onto {1, 2, . . . , |E(G)|}. Then g can be extended to an E-super vertex magic labeling of G if and only if
In fact Theorem 3 allows us to study the E-super vertex magic total labeling by means of the mentioned edge labeling throughout this paper.
Even regular Hamiltonian graphs of odd order
We show in this section that Hamiltonian even regular graphs of odd order are E-super vertex magic. In Theorem 3.5 of [6] the following result was proved: let G be a graph of odd order. If G can be decomposed into two Hamilton cycles, then G is E-super vertex magic. Here we generalize this result as follows.
Now we give an edge labeling f by the following steps. Note that G has rn edges. First we split all edge labels 1, 2, . . . , rn into r groups as follows: {1, 2, . . . , n}, {n + 1, n + 2, . . . , 2n}, . . . {(r − 1)n + 1, (r − 1)n + 2, . . . , rn}. Then we will put these groups of labels in order over the edges of F 1 , F 2 , . . . , F r , respectively. Similarly we may define G recursively as before,
We label G recursively as follows. Since F j are 2-factors for each 1 ≤ j ≤ r, we assign an orientation so that over each connected component (connected 2-cycle) the flow direction is either clockwise or counter-clockwise. We set f out k (w) and f in k (w) respectively, for each 1 ≤ k ≤ r, to be the outgoing edge labels over the 2-factor F k from the vertex w and the incoming edge label to the vertex w according to the given orientation. We denote f + (w) to be the induced vertex sum at the vertex w, and we use f + k (w) to stand for the partial vertex sum at w for G k for each 1 ≤ k ≤ r. Then we may start labeling recursively over G 1 , G 2 , . . . , G r = G. Precisely we give the labeling in the following steps.
Step 1:
for i even. Thus the partial vertex sum
, 1 ≤ i ≤ n, which forms an arithmetic progression of common difference 1.
Step 2: for G 2 , G 3 , . . . , G r we proceed recursively as follows:
which forms an arithmetic progression of common difference 1. Therefore one obtains an edge labeling where the induced vertex sums are consecutive integers, and hence an E-super vertex magic labeling by Theorem 3.
In fact with similar proof technique as above, it is not hard to see that one may furthermore generalize the above to the following.
Theorem 5. Let G be decomposed into the sum of two spanning subgraphs G 1 ⊕ G 2 , where G 1 is E-super vertex magic and G 2 is regular of even degree. Then G is E-super vertex magic.
Note that the above Theorem 5 generalizes Theorem 3.7 in [6] : if a graph G can be decomposed into two E-super vertex magic spanning subgraphs G 1 and G 2 where G 2 is regular, then G is E-super vertex magic.
Even regular graphs of odd order
In 2003, V. Swaminathan and P. Jeyanthi showed the following result in [9] as pointed out by G. Marimuthu and M. Balakrishnan in [6] .
Theorem 6. Let G be mC n , which is the disjoint union of m copies of C n . Then G is E-super vertex magic if and only if m and n are both odd.
Then we have the following result which can be used to create many examples of E-super vertex magic regular graphs and can also be treated as a natural generalization of Theorem 4. Proof. Let G be a regular graph of even degree with odd number of vertices. Then by Theorem 2 of Petersen, G may be decomposed into sums of 2-factors, say To obtain more examples, we consider the circulant graphs as follows.
Definition 8.
A circulant graph CIR n (S) with n vertices, with respect to S ⊂ {1, 2, . . . , ⌊ n 2 ⌋}, is a graph with the vertex set V (CIR n (S)) = {0, 1, 2, . . . , n − 1}, and the edge set is formed by the following rule.
Note that the circulant graph CIR n (S) is also called a Cayley graph of the finite cyclic group Z n generated by S.
For example, CIR n ({a}) ∼ = C n , the connected n-cycle, if gcd(n, a) = 1. Moreover CIR n ({1, 2, . . . , ⌊ n 2 ⌋}) ∼ = K n , the complete graphs, and CIR 2n ({1, n}) ∼ = the n-Möbius ladder graphs. Note that CIR n (S) is odd-regular if n is even and n 2 ∈ S. Moreover CIR n (S) is even-regular if n is odd or n 2
̸ ∈ S.
Therefore directly from Theorem 7, we have the following class of circulant graphs which is E-super vertex magic: Theorem 9. Let G be a circulant graph with odd order. Then G is E-super vertex magic.
Conclusions
More properties of E-super vertex magic labeling may be explored based upon results in this note and previous work. In particular among others one may study the E-super vertex magic labeling for odd regular graphs and general graphs.
